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Abstract. In order to carry out creep mechanism research on concrete under mesoscopic scales, 
Monte Carlo method has been used to put forward the meshing method of aggregate and mortar 
under mesoscopic scales, while combining the theory of mixture and the porous medium theory 
to establish the composite material model of aggregate, cement mortar and the moisture content 
under mesoscopic scales. Concrete aggregate random distribution and meshing program and 
concrete creep simulation analysis program under meso-scale have been prepared. The simulation 
analysis shows that the program can effectively simulate law of creep motion inside the concrete. 
Keywords: reinforced concrete, creep, mesoscopic scales. 
1. Introduction 
Concrete materials is a kind of typical porous medium, which contains aggregate and cement 
paste and a certain amount of moisture, the concrete under the action of forces will generate creep 
deformation as time grows, there are a variety of theories currently to explain the mechanism of 
concrete creep, generally put forward in the basis of the mesoscopic structure of cement paste, 
mainly including viscoelastic theory, seepage theory, viscous flow theory, the plastic flow theory, 
the internal force equilibrium theory and the theory of micro cracks, etc. [1], but so far, none of 
which have been widely accepted. The universal opinion on the concrete moisture nowadays is: 
the existence of vaporizable free water inside the concrete is primary for creep [1]. Therefore the 
coupling effect of cement mortar, free water and aggregate needs to be considered during the 
process that the concrete creep model is established [2, 3], the relevant scholars have combined 
with the theory of porous media to present creep finite element model which is capable to well 
explain effect of the moisture existence on the macro creep [4], but fails to show micro-analysis 
of the changes inside the concrete. 
In this paper, on the basis of related research [5-6], the relevant theories and mathematical 
methods are used to attempt explaining concrete creep mechanism from meso-scale. The 
innovation points of this paper: 1) use Monte Carlo method, etc. to randomly generate discrete 
particles meeting certain distribution, generate composite material model consisting of aggregate, 
cement mortar; 2) use the theory of mixture to respectively homogenize aggregate and mortar, 
combine the theory of porous media to introduce water factor into aggregate and mortar, establish 
the composite material model of aggregate, cement mortar and moisture content; (3) in accordance 
with the relevant theory, the concrete aggregate random distribution and meshing program, 
concrete creep under simulation analysis program under meso-scale.  
2. Aggregate randomly generated  
2.1. Concrete aggregate gradation 
Aggregate of concrete is divided into fine aggregate and coarse aggregate [7], the size of the 
aggregate can be indicated by particle distribution curve (or integral curve) which has limited that 
the size should not be greater than the percentage of a given particle as a function of average 
particle size. In the beginning of the 20th century, W. B. Fuller and other scholars in the United 
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States [8], relying on screening test results from a lot of testing work, have put forward the ideal 
distribution curve of maximum density. The basis for Fuller grading theory is to arrange and match 
regularly aggregate particles of concrete material according to size and thickness to become 
mixture with maximum density and minimum gap. Fuller's ideal gradation curve indicates grain 
composition as well as parabola below the fine aggregate, its equation is: 
𝑃 = 100√
𝐷
𝐷max
, (1) 
of which: 𝑃 represents mass percent of the aggregate passing sieve pore 𝐷; 𝐷 represents the sieve 
diameter; 𝐷max is the maximum particle size.  
The concrete in this design has high strength, good permeability, saving cement. For simplicity, 
the aggregate particle of aggregates such as pebble and gravel in shape of ball or round is presumed 
to be spherical, Fuller curve is used to determine the three-dimensional size distribution curve of 
the aggregate, the concrete poured by such grading can generate optimized structure density and 
strength [9], which can solve the problem of concrete aggregate gradation and random distribution 
in combination with Monte Carlo method [10].  
2.2. Aggregate random distribution  
By using Monte Carlo method, assume 𝑥  as random variables in uniform distribution on 
interval of [0, 1], the computer can help to work out sampling sequence {𝑥𝑛} of random variable 
𝑥, usually 𝑥𝑛 is known as random number of random variable 𝑥 in uniform distribution on interval 
of [0, 1].  
Assume that the coordinate of the concrete block is 𝑥 ∈ [𝑥min, 𝑥max] , 𝑦 ∈ [𝑦min, 𝑦max] ,  
𝑧 ∈ [𝑧min, 𝑧max], if the central point of aggregates (𝑥𝑖
𝑐 , 𝑦𝑖
𝑐 , 𝑧𝑖
𝑐) is in uniform distribution in the 
concrete block, then:  
{
𝑥𝑖
𝑐 = 𝑥min + (𝑥max − 𝑥min)𝑥𝑖 ,
𝑦𝑖
𝑐 = 𝑦min + (𝑦max − 𝑦min)𝑦𝑖 ,
𝑧𝑖
𝑐 = 𝑧min + (𝑧max − 𝑧min)𝑧𝑖 ,
     (𝑖 = 1, 𝑛). (2) 
For the problem of two-dimensions, the cumulative distribution function can be used to 
represent probability that any point with a diameter on one inner section inside the concrete [9]: 
𝑃𝑐(𝐷 < 𝐷0) = 𝑃𝑘 × [
1.065(𝐷0 𝐷max⁄ )
1 2⁄ − 0.053(𝐷0 𝐷max⁄ )
4 − 0.012(𝐷0 𝐷max⁄ )
6 −
0.0045(𝐷0 𝐷max⁄ )
8 + 0.0025(𝐷0 𝐷max⁄ )
10 ], (3) 
of which: 𝑃𝑘 is the percentage of the aggregate volume and the total volume of concrete; 𝐷max is 
maximum particle size of the aggregate.  
According to the Eq. (3), aggregate distribution inside the concrete can be generated.  
The above method can be used to produce composite material concrete specimen model of 
random aggregate and mortar, realize mesh generation of aggregate and mortar under the 
mesoscopic scales, record unit and node information of aggregate and mortar, combine with the 
mixture theory and theory of porous media, calculation model of water concrete aggregate and 
mortar can be set up.  
3. Concrete creep model based on the theory of the porous medium 
It is generally acknowledged that concrete aggregate is inert, whose instantaneous elastic 
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deformation only under outer loads is extremely small, generally 3~5×10-6/MPa, so it can 
approximately be considered that aggregate creep deformation doesn’t occur but only generates 
elastic deformation [1], the slurry has obvious creep properties, therefore different mechanical 
properties of aggregate and mortar inside the concrete should be considered.  
When establishment of calculation model, besides considering different mechanical properties 
of aggregate and mortar, problems still need to be considered: (1) the water as the important factors 
influencing the creep needs to establish quality and movement balance equation of the moisture 
migration movement of the aggregate and mortar; (2) aggregate and mortar as two kinds of 
different materials, have different moisture contents, whose moisture contents need to be 
considered separately; (3) coupling calculation model of aggregate, mortar and water should be 
easily calculated.  
In order to solve the above problem, this paper combines with mixture theory [12], penalty 
parameter method, Galerkin weighted residual method [13] and implicit expression solution for 
creep stress analysis proposed by Zhu Bofang [14], concrete is considered as continuous 
homogeneous medium consisting of solid phase (aggregate and mortar) and moisture, two phases 
of solid and liquid evenly and continuously disperse in control space regardless of the specific 
distribution characteristics of concrete solid phase skeleton and geometric features of pore 
structure, uses the frictional resistance flowing between two phases of micro solid and liquid to 
realize fluid-structure interaction, micro solid skeleton and water are incompressible, and by 
ignoring the physical strength and pore fluid viscosity, basing on mixture theory, it can be 
concluded that controlling field equation of concrete porous medium model:  
𝛻 ⋅ (𝜑𝑆?̇?𝑆 + 𝜑𝐹?̇?𝐹) = 0, (4) 
𝜌𝑆?̈?𝑆 = 𝛻 ⋅ 𝑇𝑒
𝑆 − 𝜑𝑆𝛻𝑝 + 𝛼(?̇?𝐹 − ?̇?𝑆), (5) 
𝜌𝐹?̈?𝐹 = −𝜑𝐹𝛻𝑝 − 𝛼(?̇?𝐹 − ?̇?𝑆), (6) 
where: ⋅ represents conclusion of material derivative for time, corner mark 𝛼 represents solid 
skeleton (𝛼 = 𝑆) and pore fluid (𝛼 = 𝐹), 𝛻 are Nabla operators, 𝐮𝛼 is displacement of group 𝛼; 
𝜌𝛼 is macro density (𝜌𝛼 = 𝜑𝛼𝜌𝛼𝑅, 𝜌𝛼𝑅is the true density of corresponding components); 𝜑𝛼 is 
volume fraction (meet the saturation constraints 𝜑𝑆 + 𝜑𝐹 = 1), 𝑝  is the pore pressure, 𝑇𝑒
𝑆  is 
effective stress tensor of the solid skeleton, 𝛼𝑣 is diffusion resistance coefficient, for isotropic 
continuum: 
𝛼𝑣 = (𝜑
𝐹)2𝜌𝐹𝑔 𝑘𝐹⁄ , (7) 
of which: 𝑘𝐹 is Darcy permeability coefficient; 𝑔 is acceleration of gravity.  
Aggregate skeleton constitutive equation is: 
𝐓𝑒
𝑆 = 2𝜇𝑆𝐄𝑆 + 𝜆𝑆(𝐄𝑆 ⋅ 𝐈)𝐈. (8) 
Among them:  
𝐄𝑆 =
1
2
(𝛻𝐮𝑆 + 𝛻𝑇𝐮𝑆). (9) 
Mortar skeletons are considered as linear elastic creep, and according to creep implicit 
expression method derived by Zhu Bofang, concrete strain increment consists of the three parts of 
elastic strain increment and creep strain increment, temperature strain increment:  
of which: 𝛥𝜀𝑛  is strain increment array; 𝛥𝜀𝑛
𝑒  is the elastic strain increment array; 𝛥𝜀𝑛
𝑐  is creep 
strain increment array; 𝛥𝜀𝑛
𝐼  is the temperature strain increment array.  
Eliminate air compressor by using penalty parameter method, Galerkin weighted residual 
method can be based on to respectively deduce finite element basic equation of two phases of solid 
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and liquid of aggregate and moisture:  
[
𝐌𝑛
𝑆 0
0 𝐌𝑛
𝐹]   {
?̈?𝑛
𝑆
?̈?𝑛
𝐹} + (𝛽  [
(𝜑𝑆)2𝐂𝑛 𝜑
𝑆𝜑𝐹𝐂𝑛
𝜑𝑆𝜑𝐹𝐂𝑛 (𝜑
𝐹)2𝐂𝑛
] + [
𝐀𝑛 −𝐀𝑛
−𝐀𝑛 𝐀𝑛
]) {
?̇?𝑛
𝑆
?̇?𝑛
𝐹} + [
𝐊𝑛 0
0 0
] {
𝐮𝑛
𝑆
𝐮𝑛
𝐹}
= {
𝐑𝑛
𝑆
𝐑𝑛
𝐹}. 
(10) 
Among them:  
𝐌𝑛
𝑆 = ∫𝜌𝑆𝐍𝛵𝐍
𝑣𝑛
 𝑑𝑣,   𝐌𝑛
𝐹 = ∫𝜌𝐹𝐍𝛵𝐍
𝑣𝑛
 𝑑𝑣,   𝐀𝑛 = ∫𝛼𝑣𝐍
𝛵𝐍 
𝑣𝑛
𝑑𝑣, 
𝐂𝑛 = ∫𝐁
𝛵𝐃1𝐁
𝑣𝑛
 𝑑𝑣,   𝐑𝑛
𝐹 = ∫ 𝐍𝛵?̂?𝐹𝑑𝛤
𝛤
𝑡𝐹
. 
(11) 
(1) Two-phase finite element basic equation of aggregate and water:  
 𝐊𝑛 = ∫𝐁
𝛵?̅?𝑆𝐁 𝑑𝑣
𝑣𝑛
,   𝐑𝑛
𝑆 = ∫𝐍𝛵?̂?𝑆𝑑𝛤
𝛤𝑡𝑠
. (12) 
Aggregate elastic stress-strain relationship matrix ?̅? is expressed as:  
?̅? =
𝐸(1 − 𝜈)
(1 + 𝜈)(1 − 2𝜈)
[
 
 
 
 
 
 
 
 
 
 
 1
𝜈
1 − 𝜈
𝜈
1 − 𝜈
0 0 0
1
𝜈
1 − 𝜈
0 0 0
1 0 0 0
1 − 2𝜈
2(1 − 𝜈)
0 0
1 − 2𝜈
2(1 − 𝜈)
0
1 − 2𝜈
2(1 − 𝜈)]
 
 
 
 
 
 
 
 
 
 
 
. (13) 
(2) In two-phase finite element basic equations of slurry and water:  
𝐊𝑛 = ∫𝐁
𝛵?̅?𝑛𝐁 𝑑𝑣
𝑣𝑛
,   𝐑𝑛
𝑆 = ∫𝐁𝛵?̅?𝑛𝜂𝑛𝑑𝑣
𝑣𝑛
+ ∫𝐍𝛵?̂?𝑆𝑑𝛤
𝛤𝑡𝑠
. (14) 
Mortar creep stress strain relations matrix expression ?̅?𝑛 is expressed as: 
?̅?𝑛 =
𝐸(𝑡𝑛−0.5)
1 + 𝑞𝑛𝐸(𝑡𝑛−0.5)
𝛢−1, (15) 
𝑞𝑛 = 𝐶(𝑡𝑛, 𝑡𝑛−0.5), (16) 
𝜂𝑛 = ∑(1 − 𝑒
−𝑟𝑗𝛥𝑡𝑛)𝜔𝑗𝑛
𝑚
𝑗=1
, (17) 
𝜔𝑗𝑛 = 𝜔𝑗,𝑛−1𝑒
−𝑟𝑗𝛥𝑡𝑛−1 + 𝛢𝛥𝜎𝜑𝑗(𝑡𝑛−1−0.5)𝑒
−0.5𝑟𝑗𝛥𝑡𝑛−1 , (18) 
𝜔𝑗1 = 𝛢𝛥𝜎0𝜑𝑗(𝑡0), (19) 
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𝐶(𝑡, 𝜏) = 𝜑(𝜏)[1 − 𝑒−𝑟(𝑡−𝜏)], (20) 
of which: 𝐶(𝑡, 𝜏) is creep function; 𝑡 is loading time; 𝜏 is the loading age.  
Sum over all units of the whole area, the system equations can be concluded:  
𝐌 ?̈? + 𝐉 ?̇? + 𝐩 = 𝐑, (21) 
of which: 𝐌, 𝐉, 𝐩, 𝐑, is respectively, the corresponding unit matrix and vector set.  
4. Numerical simulation and analysis of uniaxial compression creep characteristics 
According to the above theory and formula derivation, the concrete aggregate random 
distribution and mesh generation program has been compiled, concrete creep simulation analysis 
program under meso-scale, in order to verify the reliability of the program, for the concrete 
specimen shown in Fig. 1 under uniaxial compression creep finite element analysis, in order to 
simplify the calculation, it is considered as the plane strain problem. Aggregate maximum 
diameter 𝐷max is 0.006 m, the percentage of aggregate volume and the total volume of concrete is 
19 %. Its top uniformly suffers from compressive stress function with distributed load of 12 MPa 
to constraint the displacement to 𝑥 and 𝑦 directions at the bottom. Through experiment [1] and 
related reference literature [5], specific calculation material parameters have been worked out and 
shown in Table 1. The expression of calculation method for cement mortar creep as well as the 
creep degree of elastic modulus according to reference [10] are: 
𝐸 = 2.625(1 − 𝑒−0.4𝜏
0.34
) × 104 MPa, 
𝐶(𝑡, 𝜏) = (8.8 × 10−6 + 8.1 × 10−5𝜏−0.45)(1 − 𝑒−0.3(𝑡−𝜏)) 
      + (1.98 × 10−5 + 3.37 × 10−5𝜏−0.45)(1 − 𝑒−0.005(𝑡−𝜏))1/MPa. 
Table 1. Material parameters of concrete 
Item 
Density of the  
solid phase 
𝜌𝑆 (kg/m3) 
Liquid  
phase density 
𝜌𝐹 (kg/m3) 
Modulus of  
elasticity 
𝐸 (MPa) 
Poisson's  
ratio 
𝜈 
Liquid phase  
volume fraction 
𝑛 (%) 
Coefficient of  
permeability 
𝑘 (m/s) 
Aggregate 2700.0 1000.0 70000.0 0.167 0.05 3.65×10-4 
Cement mortar 2000.0 1000.0 25000.0 0.200 5.00 3.65×10-2 
 
Fig. 1. Concrete calculation models 
Direction of the arrows in Fig. 2 represents the flow direction and the length of the arrow 
represents the size of the flow velocity. Fig. 3 shows mesh deformation picture within 90 days. 
The internal space liquid of concrete surface settlement caused by the action of forces drains out. 
The permeability coefficient of internal aggregate liquidity is poorer and its flow velocity is 
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smaller. Mortar has larger permeability coefficient and better liquidity, but because the aggregate 
restricts its movement direction, the liquid flows in the mortar along the direction of edges tangent 
of aggregate.  
  
Fig. 2. Vector diagram for 90 days  
of gap liquid flow field 
Fig. 3. Diagram for 90 days of mesh deformation 
Fig. 4 can show clearly the creep movement characteristics inside the concrete under the action 
of forces from the top. The lower concrete surface is regarded as the datum plane, whose 
displacement constrains the corresponding displacement of its nine nodes to become larger along 
the increase of the distance. Curve shows that creep displacement increase of concrete is fastest 
during the first 30 days, stable on the 300th day, and can be known never to increase on the 360th 
day.  
 
Fig. 4. Time history of the vertical solid phase displacement of concrete at different nodes 
Table 2 shows relation between internal pore pressure and liquid motion inside the concrete, 
combined with Fig. 4, it indicates that when concrete creep displacement changed fast on the first 
30 days, the liquid rate was larger; on the 180th day, liquid and solid movement slowed down, 
pore pressure also began to gradually dissipate; on the 360th day, pore pressure was very small, 
the corresponding displacement of solid phase and liquid phase velocity respectively reached a 
maximum value in their separate calculations, which shows that close relations of visible pore 
pressure, displacement of solid phase as well as liquid phase are consistent with actual micro 
movements.  
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Table 2. Calculated value of the liquid phase and the pore pressure 
Time (d) 3 7 28 90 180 300 360 
Velocity of the liquid 
phase (mm/d) 
1.09×10-1 4.01×10-2 1.99×10-3 1.43×10-3 9.35×10-4 4.23×10-4 3.14×10-4 
Pore pressure (Pa) 42400 20700 4780 2434 150 132 122 
Fig. 5 changes of strain nephogram over time can show that under the action of forces at the 
top, strain of internal mortar and aggregate continues to increase. The energy conversion between 
mortar and aggregate due to the mortar in the process of flow hindered by aggregate, mortar strain 
around the aggregate is larger. Along time increase, the rise of elastic modulus and strength, the 
movement of the mortar slows down, and mortar strain also gradually homogenizes. 
 
a) 10 days 
 
b) 180 days 
Fig. 5. Figure of principal strain evolution over time 
Fig. 6 shows that when concrete suffers load, the water slurry early has the characteristics of 
liquidity and the elastic modulus increasing along with time, which enables the aggregate system 
to suffer higher stress in the initial stage, while, the water slurry suffers less stress at this time 
along with the time growth, due to increase of the mortar mechanical performance index, to the 
load increases leads to the occurrence and development of creep effect, continuous redistribution 
of internal stress of concrete mortar and aggregate, aggregate stress decreases gradually over time, 
and mortar stress increases slowly as a result of the action of aggregate.  
 
a) 10 days 
 
b) 180 days 
Fig. 6. For vertical stress evolution over time (MPa) 
5. Conclusions 
This paper proposes a new method based on mesoscopic scales to research concrete creep 
process. By adopting the method of Monte Carlo, the establishment of methods to achieve mesh 
information of aggregate and cement mortar, concrete creep calculation model under the 
mesoscopic scales through the porous media theory, and introduction of water influence factors 
into concrete creep calculation model. The similarities and differences between the method in this 
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paper and the existing creep theories: water movement is close to the seepage theory, in this paper, 
the moisture refers to free water, different from seepage theory to subdivide water into gelled 
water (absorbed water and interlayer water); on the assumption of concrete solid phase, it is 
relatively similar with viscous flow theory which divides concrete into cement paste in viscous 
flow and inert aggregate without flow, the solid phase of the model in this paper is divided into 
cement paste in creep deformation and aggregate in elastic deformation; in assumption on the 
mechanical properties of solid model, it is close to viscous elasticity theory which regards the 
cement paste as elastic gel skeleton and complex consisting of viscoelastic fluid filling the gap, 
this paper omits the viscosity of water for the model in order to simplify the calculation, and 
regards cement paste as cement gel skeleton in creep deformation and complex consisting of non-
viscous water filling the gap. As described in the literature, it is more suitable to combine several 
theories to explain the creep mechanism. The numerical calculation shows that this paper can well 
describe the internal creep movement of concrete, and has certain significance in theory research.  
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